Abstract. We construct knots for whom the new Khovanov-Rozansky-MortonFranks-Williams inequality gives a sharp bound for its braid index; however, the classical Morton-Franks-Williams inequality fails to do so. We also construct infinitely many knots for which the KR-MFW inequality fails to detect the braid indices.
Introduction
The Alexander's theorem states that any knot or link is isotopic to the closure of a braid. We can measure the complexity of knot K by the minimal possible number of braid strands, which is called the braid index b K . Morton [11] , Franks and Williams [5] found an inequality which gives a lower bound for the braid index.
Let us first fix some notation. Let K ⊂ S 3 be an oriented knot or link and B K be the infinite set of closed braid diagrams of K. We adopt the following definition and normalization of the HOMFLYPT polynomial P K (a, q) defined by the skein relation; (1.1) aP K− (a, q) − a −1 P K+ (a, q) = (q − q −1 )P K0 (a, q) and P unknot (a, q) = 1.
Let d ± (K) be the maximal (resp. minimal) a-degree of P K (a, q). Now we state the Morton-Franks-Williams (MFW) inequality: 
Khovanov-Rozansky homology [9] is a categorification of HOMFLYPT polynomial. In this paper, we use the reduced HOMFLY homology H i,j,k (K) of K introduced by Rasmussen [13] . The graded Euler characteristic of the reduced HOMFLY homology is equal to the normalized HOMFLYPT polynomial (1.1);
Dunfield, Gukov, Rasmussen [3] and Wu [16] found Khovanov-Rozansky homology version of MFW inequality. We call it KR-MFW inequality. [16] . Let K be a knot or a link and
Then, for any closed braid diagram D ∈ B K of K we have
we have the following. Proposition 1.4. The sharpness of the MFW (resp. KR-MFW) inequality implies
Elrifai [4] has enumerated all the 3-braids on which the MFW inequality is nonsharp. 
for k ∈ N and their mirror images K k , L k .
As the Euler characteristic of the KR homology gives us the HOMFLYPT polynomial, KR-homology contains more information than HOMFLYPT polynomial. It is interesting to find concrete examples that show the "gap" between KR-homology and HOMFLYPT polynomial. Elrifai's example seem to be natural candidates to see such gap. In fact, we have:
2 . On K ⋆ and its mirror image K ⋆ the MFW-inequality is not sharp but the KR-MFW inequality is sharp.
These are the first examples which show that Khovanov-Rozansky homology is "stronger" than HOMFLYPT polynomial in terms of detecting the braid index.
However, we will also see that Khovanov-Rozansky homology is not almighty. We study an obstruction of sharpness of the KR-MFW inequality and give infinitely many (and also first known) examples in Theorem 1.7 whose braid index KRhomology fails to detect.
Let BM x,y,z,w where x, y, z, w ∈ Z be the closure of the 4-strand braid
It has been known [7] that the set of BM-braids contains the five knots 9 42 , 9 49 , 10 132 , 10 150 , 10 156 , on which the MFW inequality is not sharp [6] . Furthermore, the diagram contains infinitely many four tuples (x, y, z, w) where the MFW inequality is not sharp [7] . A parallel result holds for the KR-MFW inequality:
There are infinitely many four tuples (x, y, z, w) such that the KR-MFW inequality is not sharp on BM x,y,z,w .
Elrifai's examples have another interesting feature regarding to the generalized Jones' conjecture ( [10] , [7] ) and the maximal Bennequin number Conjecture as we state below. See [6] p.357 for Jones' original conjecture.
which is the subset of the infinite shaded region shown in Figure 1 . Figure 1 . The region of braid representatives of K We can apply Conjecture 1.8 to contact geometry. Bennequin [1] proved that any transversal knot in the standard contact structure (S 3 , ξ std ) can be identified with a closed braid in In [7] , more general results are given: If Conjecture 1.8 holds for K, L then Conjecture 1.8 also holds for the connect sum K#L and the (p, q)-cable of K.
Thanks to Elrifai (Theorem 1.5) we can improve the study of Conjectures 1.8 and 1.9 for the set of 3-braids B 3 . Let B
The rest of the paper is organized as follows. In Section 2, we compute KhovanovRozansky homology of K ⋆ and prove Theorem 1.6. In Section 3, we discuss about non-sharpness of the KR-MFW inequality and prove Theorem 1.7. In Section 4, we prove Theorems 1.11 and 1.12.
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Proof of Theorem 1.6
We first recall some of the works of Rasmussen. Let σ(K) be the signature of K.
, the totally reduced homology of L, is thin for all sufficiently large N > 1. Denote δ := i + j + k. In [13] , Rasmussen proved the following.
Theorem 2.1.
(1) Let K + , K − , K 0 be links or knots differ by a single site. If K − , K 0 are KR-thin and
(2) The connect sum of two KR-thin knots is also KR-thin (Corollary 7.9 of [13] ). (3) Among the knots with less than or equal to 9 crossings, only 8 19 , 9 42 , 9 43 , 9 47 are not KR-thin (Proposition 7.10 of [13] ). Now we prove Theorem 1.6.
Proof of Theorem 1.6. We specify a resolution of K ⋆ . For simplicity let n := σ n (n = 1, 2) the generator of the Artin's braid group B 3 and n := σ −1 n . Let σ det KR-thin K + knot 2 7 non-thin
Let H N (K) be the reduced sl(N ) homology group defined by Khovanov and Rozansky [9] . It satisfies
Let M be a free module of rank = 4 whose graded Poincare polynomial is (q/t + t/q) 2 . Using Proposition 7.6 of [13] we have the following skein exact sequences.
Their HOMFLYPT polynomials satisfy:
Due to Rasmussen [13] , there is a spectral sequence E k (N ) whose E 1 term is H(K) and converges to H N (K). When N is large we have H(K) ≃ H N (K). Since 5 2 and K 0− are KR-thin, we can explicitly compute We introduce the following claim, whose proof will be given shortly: Rasmussen [13] proved that
where I is the q-degree and J the homological degree. The only possible generators in Figure 3 If positive destabilization is applicable p-times to each of D β , D γ , then
If negative destabilization is applicable n-times to each of D β , D γ , then
Therefore, if p + n > 0 the KR-MFW inequality is not sharp on K. This is the inequality (3.1) of the lemma. When D α = D − or D 0 , the same argument works. Similarly, the inequality (3.2) holds.
By Lemma 4.1, we can compute the minimal and the maximal a-degrees of P K k (a, q) and P L k (a, q) : We remark that since w DL k + b DL k − 1 = 6k + 8 > 6k + 6 = d + (L k ) (the MFW inequality is not sharp on L k ), the same argument does not apply to L k .
